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In this paper we revisit the one-dimensional tunnelling problem. We consider different approx-
imations for the transmission through the Coulomb barrier in heavy ion collisions at near-barrier
energies. First, we discuss approximations of the barrier shape by functional forms where the
transmission coefficient is known analytically. Then, we consider Kemble’s approximation for the
transmission coefficient. We show how this approximation can be extended to above-barrier en-
ergies by performing the analytical continuation of the radial coordinate to the complex plane.
We investigate the validity of the different approximations considered in this paper by comparing
their predictions for transmission coefficients and cross sections of three heavy ion systems with the
corresponding quantum mechanical results.
PACS numbers:
I. INTRODUCTION
The transmission through a potential barrier is a re-
markable feature of quantum mechanics. Since Gamow’s
theory of alpha decay, in 1928, it has been used to
explain a variety of new phenomena. In particular,
the transmission coefficients through the Coulomb
barrier has been an important ingredient in calculations
of heavy ion fusion cross sections along the last few
decades. In single-channel descriptions of heavy ion
scattering, fusion is frequently simulated by a strong
imaginary potential acting in the inner side of the
Coulomb barrier. Since the fraction of the incident
current that reaches the strong absorption region is fully
absorbed, the fusion probability at each partial-wave can
be approximated by the transmission coefficient through
the Coulomb+centrifugal barriers.
Although the transmission coefficients through an
arbitrary potential barrier can be evaluated by nu-
merical procedures, it is convenient to have analytical
expressions. This is possible in some particular cases,
like the parabolic barrier [1] and the Morse [2] barrier.
Parabolic barriers have been used for decades in fusion
reactions of heavy ions [3–6]. In this case, the barrier
at each partial wave is approximated by a parabola,
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with properly chosen parameters, and the transmis-
sion coefficients are given by an analytical expression
involving these parameters. However, although this
approximation is very good near the barrier radius,
it becomes progressively worse as the radial distance
increases. The reason for this shortcoming is that
the parabola is symmetric around the barrier radius,
whereas the actual barrier is highly asymmetric. The
latter falls off very slowly at large distances (like 1/r),
while the former decreases rapidly. This exerts great
influence on the transmission coefficient at energies
well below the barrier, which are very sensitive to
the potential at large distances. Thus, the parabolic
approximation cannot be used to evaluate transmission
coefficients in this energy region. The situation is better
if one approximates the Coulomb barrier by a Morse
function. Although it leads to a more complicated
analytical expression, this barrier has the advantage of
being asymmetric. Similarly to the Coulomb barrier, it
falls off slowly at the tail, and rapidly in the inner region.
Owing to the short wavelengths involved in heavy
ion collisions the transmission coefficients are frequently
evaluated by semiclassical approximations, like the
WKB (for a recent review, see Ref. [7]). However,
although this approximation has been very successful
at energies well below the Coulomb barrier, it fails at
energies near the Coulomb barrier and above. Kemble [8]
derived an improved version of the WKB approximation
that remains valid at energies just below the Coulomb
barrier. Further, he suggested that his expression for the
transmission coefficient could be extended to energies
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2above the barrier through an analytical continuation of
the radial variable to the complex plane. In a previous
work [9], we followed this procedure to study Kemble’s
approximation for a typical heavy ion potential, below
and above the barrier. We concluded that the transmis-
sion coefficient and cross sections evaluated in this way
were in good agreement with their quantum mechanical
counterparts.
The present work reports a detailed study of parabolic
and Morse approximations for the Coulomb + centrifugal
barriers, and the resulting transmission coefficients and
fusion cross sections. It investigates also the use of
Kemble’s approximation for the transmission coefficients
through these barriers, at energies above and below the
Coulomb barrier. We show that Kemble’s approxima-
tion in these cases becomes exact, independently of the
collision energy. The paper is organized as follows. In
Sec. II, we present a brief description of the single-channel
approach to the fusion cross section in heavy ion scatter-
ing. In Sec. III, the main section of this work, we discuss
approximate calculations of transmission coefficients and
fusion cross sections. We consider the approximation
of the barrier by a parabola and by a Morse function,
and different versions of the WKB approximation for the
transmission coefficients. We discuss also the Wong for-
mula for the fusion cross section and recent improvements
to it. In Sec. IV, we apply the approximations of the
previous section to the calculation of transmission coeffi-
cients and fusion cross sections. We consider a few light
and medium mass systems, namely 4He + 16O, 12C +
16O and 16O + 208Pb. It is expected that the accuracy
of these approximations improves with the mass of the
system [5]. Finally, in Sec. V, we present the conclusions
of the present work.
II. FUSION REACTIONS IN HEAVY ION
COLLISIONS
In single-channel descriptions of heavy ion scattering
the fusion process is usually simulated by an imaginary
potential. This potential is very strong and has a short
range, so that it acts exclusively in the inner region of the
potential barrier, resulting from nuclear attraction plus
Coulomb repulsion. The scattering wave function is ex-
panded in partial waves, leading to a radial equation for
each angular momentum. The real part of the potential,
appearing in the radial equations, can be written as
Vl(r) = VC(r) + VN(r) +
~2
2µ r2
l(l + 1), (1)
where the Coulomb interaction between the finite nuclei
is usually approximated by the expression
VC(r) =
ZPZT e
2
r
, for r ≥ RC, (2)
=
ZPZT e
2
2RC
(
3− r
2
R2C
)
, for r < RC, (3)
TABLE I: Strengths, radius parameters and diffusivities in
the Woods-Saxon parametrization of the Akyu¨z-Winther in-
teraction for the systems studied in the present paper.
System: 4He + 16O 12C + 16O 16O + 208Pb
V0 (MeV) -29.64 -39.47 -64.97
r0 (fm) 1.156 1.163 1.179
a0 (fm) 0.5535 0.5928 0.6576
with
RC = r0C (A
1/3
P +A
1/3
T ) .
In the above equations, ZP (AP) and ZT (AT) are respec-
tively the projectile’s and target’s atomic (mass) num-
bers, and we take r0C ' 1 fm.
Different procedures have been proposed to determine
the nuclear interaction between two heavy ions (see, e.g.
[10] and references therein). Among them, the double
folding model [11] is a systematic procedure that has
the advantage of being applicable to any heavy ion sys-
tem. In this model, the potential is given by a multi-
dimensional integral involving the densities of the two
nuclei and a realistic nucleon-nucleon interaction. On the
other hand, this model has the unpleasant feature of re-
quiring the evaluation of a rather complicate integral. To
avoid this problem, Akyu¨z and Winther [12] proposed a
simplified version of the double-folding model. They eval-
uated the folding integral for a large number of systems,
and fitted the resulting potential by the Woods-Saxon
(WS) function,
VN(r) =
V0
1 + exp [(r −R0) /a0] , (4)
with R0 = r0
(
A1/3P +A
1/3
T
)
. The parameters V0, r0 and
a0 were then given by analytical expressions of the mass
numbers of the collision partners. This potential is
adopted throughout the present work. The values of the
WS parameters for the systems studied here are given in
Table I.
Usually, the loss of the incident flux to the fusion chan-
nel is simulated by a short range imaginary potential.
The radial equation is then solved numerically, starting
from r = 0, and the elastic scattering and the fusion cross
sections are determined from the l components of the S-
matrix, Sl, given by the asymptotic form of the radial
wave function.
An equivalent method to simulate the fusion process
is the Ingoing Wave Boundary Condition (IWBC). In
this method the potential is real but the integration
of the radial equation does not start at the origin. It
starts at some radial distance in the inner region of the
barrier (usually the minimum of the total potential),
3where the radial wave function is assumed to have a
purely ingoing behaviour. The initial values of the wave
function and of its derivative are then evaluated by the
WKB approximation. We adopt this procedure in the
present work.
The fusion cross section is then given by the partial-
wave sum
σF =
pi
k2
∞∑
l=0
(2l + 1) P Fl , (5)
with the fusion (absorption) probability,
P Fl = 1− |Sl|2 . (6)
Since the wave function inside the barrier is totally
absorbed, the fusion probability must be very close to the
probability that the incident current reaches the point
of total absorption. Thus, it can be approximated by
the tunnelling probability through the corresponding l-
dependent barrier. That is,
P Fl ' Tl. (7)
We use this approximation to derive the fusion cross sec-
tions from the transmission coefficients of our approxi-
mate calculations.
III. APPROXIMATE TRANSMISSION
COEFFICIENTS AND FUSION CROSS
SECTIONS
Now we discuss different approximations for the trans-
mission coefficients mentioned in the previous section.
We consider approximations of the Coulomb barrier it-
self and discuss the use of different versions of the WKB
approximation in the calculation of transmission coeffi-
cients. We discuss also Wong’s approximation for the
fusion cross section, which is widely used in the study of
heavy ion fusion.
A. Approximations of the potential barriers
The transmission coefficient for some particular bar-
riers can be evaluated analytically. This is the case of
the parabolic [1] and the Morse [2] barriers. These re-
sults can be used in calculations of fusion cross sections
in heavy ion collisions. For this purpose, one approxi-
mates the potential barriers of Vl(r) by parabolae or by
Morse functions, with properly chosen parameters. To
simplify the discussion, we consider only S-waves. Other
angular momenta can be handled similarly.
1. Parabolic barrier
Let us consider a parabolic barrier written as
V (r) = VB − 1
2
µω2 (r −RB)2 . (8)
It corresponds to an inverted Harmonic Oscillator with
the maximum at r = RB, with the value V (r = RB) =
VB. The barrier curvature parameter, ~ω, is related to
the second derivative of the total potential at r = RB by
the equation,
~ω =
√
− ~2 V ′′ (RB)
µ
.
The transmission coefficient through this barrier,
known in the literature as the Hill-Wheeler transmission
coefficient, can be written as
THW0 (E) =
1
1 + exp [2 ΦHW(E)]
, (9)
with
ΦHW(E) =
pi
~ω
(VB − E) . (10)
Note that the transmission coefficient of Eqs. (9) and (10)
is exact.
2. The Morse barrier
The Morse barrier is given by the expression
VM(r) = VB
[
2 e−(r−RB)/aM − e−2 (r−RB)/aM
]
, (11)
where RB and VB are respectively the radius and the
height of the barrier. Above, aM is the Morse parameter,
which is related to the second derivative of the potential
at the barrier radius, V ′′ (RB), by the expression,
aM =
√
2VB
−V ′′ (RB) .
This barrier has two convenient properties. The first
is that it is asymmetric. Like the barriers of the total
potential, it decreases rapidly on the left (r < RB) and
slowly on the right (r > RB).
The second important property is that the transmis-
sion coefficient through a Morse barrier is known analyt-
ically. It is given by the expression [2]
TM(E) =
1− exp (−4piα)
1 + exp [2pi (β − α)] , (12)
with
α = kaM =
√
2µE
~
aM and β =
√
2µVB
~
aM. (13)
4TABLE II: Parameters of the parabolic and of the Morse bar-
riers that best fit the Coulomb barriers of the systems studied
in the present paper. Note that the radius and the height of
the barriers are the same for the two parametrizations. They
differ only in the barrier curvature, given by ~ω and by aM in
the cases of the parabola and the Morse function, respectively.
System: 4He + 16O 12C + 16O 16O + 208Pb
VB (MeV) 2.90 7.99 76.55
RB (fm) 7.42 8.02 11.59
~ω (fm) 2.94 2.95 4.51
aM (fm) 2.96 3.13 4.32
3. Exact barriers vs. approximate barriers
The values of the parameters that fit the Coulomb bar-
riers of the 4He + 16O, 12C + 16O and 16O + 208Pb
systems by parabolae and Morse functions are given in
table II.
Fig. 1 shows the Coulomb barriers (black solid lines)
and the best fits by parabolae (blue dot-dashed lines)
and by Morse functions (red dashed lines), for the three
systems considered in this paper. The plots show the
radial distances that influences the transmission coeffi-
cients at near-barrier energies. The figure leads to two
conclusions. The first is that the fit by a Morse func-
tion is systematically better than by a parabola. This
is not surprising, since the Morse function is asymmet-
ric, as the Coulomb barrier itself, whereas the parabola
is symmetric. The second conclusion is that the fits by
the two functions are reasonable for 16O + 208Pb, but
they are poor for the 4He + 16O and 12C + 16O sys-
tems. They become progressively worse as the system’s
mass decreases. The fits are particularly bad at r  RB,
where the Coulomb potential decreases very slowly. Al-
though the Morse function falls off more slowly on the
external side of the barrier, it decreases exponentially,
which is much faster than the 1/r decay of the Coulomb
potential. As it will be shown in section IV, the poor
fits at large radial distances lead to dramatic overestima-
tions of transmission coefficients and fusion cross sections
at sub-barrier energies.
B. WKB transmission coefficients
The WKB approximation is a short wavelength
limit of Quantum Mechanics. Since it is extensively
discussed in text books on Quantum Mechanics and
Scattering Theory [10, 13, 14], its derivation will not be
presented here. We consider only the application of this
approximation in calculations of transmission coeficients
and fusion cross sections.
FIG. 1: (Color on line) Fits of the Coulomb barrier (black
solid line) by a parabola (blue dot-dashed line) a Morse func-
tion (red dashed line). For details see the text.
Let us consider a nucleus-nucleus collision at a sub-
barrier energy E, with angular momentum ~l. Within
the WKB approximation, the transmission coefficient is
given by
TWKBl (E) = exp [−2 ΦWKB(E)] , (14)
where ΦWKB is the integral
ΦWKB(E) =
∫ r2
r1
κ(r) dr, (15)
with
κ(r) =
√
2µ
[
Vl(r)− E
]
~
. (16)
In the above equations µ is the reduced mass of the
projectile-target system, Vl(r) is the total potential of
Eq. (1), and r1 and r2 are the classical turning points.
They are the solutions of the equation on r,
Vl(r) = E. (17)
The influence of multiple reflections under the barrier,
ignored in the above equations, was investigated by
5Brink and Smilansky [15]. They concluded that these
reflections are relevant at energies just below the barrier,
contributing to improve the agreement with the exact
results.
Although Eq. (14) is a very good approximation to the
exact transmission coefficient at energies well below the
barrier of the total potential, denoted by Bl, it becomes
progressively worse as the energy approaches Bl. Fur-
thermore, at energies above the barrier, the WKB trans-
mission coefficient takes the constant value TWKBl = 1,
whereas its quantum mechanical counterpart is equal to
1/2 at the barrier, and grows continually to one as the
energy increases.
In 1935, Kemble [8] showed that the WKB approxi-
mation can be improved if one uses a better connection
formula. He got the expression
TKl (E) =
1
1 + exp [2 ΦWKB(E)]
. (18)
At energies well below the Coulomb barrier, the two turn-
ing points are far apart and κ(r) reaches appreciable val-
ues within the integration limits of Eq. (15). In this way,
ΦWKB(E) becomes very large, so that the unity can be
neglected in the denominator of Eq. (18). This equa-
tion then reduces to Eq. (14). Therefore, the two ap-
proximations are equivalent in this energy region. How-
ever, Kemble’s approximation remains valid as the en-
ergy approaches the barrier, leading to the correct result
at E = Bl, namely Tl = 1/2.
C. Kemble transmission coefficient at
above-barrier energies
The problem with WKB approximations (both stan-
dard and Kemble’s version) at above-barrier energies is
that there are no classical turning points. At E = VB the
two turning points coalesce, and above this limit Eq. (17)
has no real solution. Then, ΦWKB (E > VB) = 0, and
the transmission coefficients of Eqs. (14) and (18) take
respectively the constant values TWKBl = 1 and T
K
l = 1/2.
However, Kemble [8] pointed out (see also the book by
Fro¨man and Fro¨man [16], where this problem is treated
formally) that Eq. (18) can be extended to above-barrier
energies if one solves Eq. (17) in the complex r-plane,
and evaluates the integral between the complex turning
points. Although Kemble [8] did not discuss this analyt-
ical continuation in detail, he pointed out that it would
lead to the exact expression for the parabolic barrier be-
low and above the barrier. More recently, the analytical
continuation in the case of a typical heavy ion potential
was carried out numerically [9], and the resulting trans-
mission coefficient was shown to be in very good agree-
ment with its quantum mechanical counterpart. In the
next section we carry out this analytical continuation in
the cases of the parabolic and the morse barriers, where
all calculations can be performed analytically.
1. Transmission through a parabolic barrier for E > VB
Since the transmission coefficient through a parabolic
barrier is known exactly, it is an ideal test for the
analytical continuation procedure. However, before any
consideration involving the complex plane, we prove
that Kemble approximation for a parabolic barrier is
exact at sub-barrier energies. For simplicity, we discuss
in the section the particular case of a S-wave. The
extension to other values of the angular momentum is
straightforward. One has just to use the parameters of
the l-dependent barrier, replacing: VB → Bl, RB → Rl
and ~ω → ~ωl.
Since the exact transmission coefficient of Eq. (9) has
the same general form of the Kemble transmission coef-
ficient (Eq. (18)), the two expressions will be identical
if
ΦWKB(E) = ΦHW(E). (19)
Using the explicit forms of ΦWKB (Eq. (15)) and ΦHW
(Eq. (10)), the above equation becomes,
√
2µ
~
∫ r+
r−
dr
√
VB − E − µω
2
2
(r −RB)2
=
pi
~ω
(VB − E) . (20)
To calculate this integral we make the transformation:
r −→ x = ω
√
µ
2
(r −RB) ,
so that
dr =
1
ω
√
2
µ
dx, r± → x± = ±
√
VB − E.
Eq. (20) then becomes
ΦWKB =
2
~ω
∫ x+
x−
dx
√
(VB − E)− x2. (21)
This integral can be easily evaluated and the result is
ΦWKB =
pi
~ω
(VB − E) . (22)
Thus, we conclude that Kemble approximation for a
parabolic barrier is exact at sub-barrier energies.
Now we consider collisions at above-barrier energies.
To deal with this situation, we carry out the analytical
continuation of x to the complex plane. Setting x→ z =
x+ i y, the parabolic barrier becomes,
V (z) = VB − z2. (23)
6-5 -4 -3 -2 -1 0 1 2 3 4 5
x (fm)
-4
-3
-2
-1
0
[ V
(x)
 - V
B] 
 (M
eV
)
-5 -4 -3 -2 -1 0 1 2 3 4 5
y (fm)
0
1
2
3
4
[ V
(iy
) -
 V
B] 
 (M
eV
)
E < VB
E > VB
x- x+
y- y+
(b)
(a)
FIG. 2: (Color on line) Analytical continuation of the
parabolic potential barrier V (x + iy). Panels (a) and (b)
show respectively the potential on the real (y = 0) and on the
imaginary (x = 0) axes. The figure also show the real and the
imaginary turning points in the cases of E < VB (panel (a))
and E > VB (panel (b)).
The turning points are then the complex solutions of the
equation,
V (z)− E = 0, (24)
for E > VB. Clearly, these turning points must be located
on the complex r-plane, in a region where the potential
is real. Solving Eq. (24) for a general potential is not
simple. However, it can be easily done for a parabolic
barrier, as that of Eq. (23). In this case, V (z) is real
only on the x and on the y axes. Therefore, the turning
points must be either real or imaginary. The real turning
points are the solutions of Eq. (24) for E < VB, which we
have already discussed. Now we consider the imaginary
solutions. Inserting Eq. (23) into Eq. (24) and setting
z = iy, one gets the coordinates of the two imaginary
turning points,
y± = ±
√
E − VB.
Fig. 2 shows a parabolic potential barrier (panel (a))
and its analytical continuation (panel (b)). The green
circles on panel (a), x− and x+, represent the real turning
points for an energy E < VB. The red circles in panel
(b)), y− and y+, indicate the imaginary turning points
for an energy E > VB.
With the analytical continuation discussed above, the
WKB integral of Eq. (21) can be extended to the complex
plane. It must be evaluated along the imaginary axis,
between the turning points z± = iy±. In this case, the
integrand of Eq. (15) must be generalized as
ΦWKB =
∫ r+
r−
κ(r) dr → ΦWKB =
∫ z+
z−
κ(z) dz. (25)
Using the explicit form of the potential (Eq. (23)) in
Eq. (16) for z = iy, and changing the integration variable
to y, one gets,
ΦWKB = − 2
~ω
∫ y+
y−
dy
√
(E − VB)− y2.
This integral is equivalent to the one in Eq. (21), and
the result is the same. Thus, we have shown that Kem-
ble’s formula for the transmission coefficient through a
parabolic barrier is valid for any collision energy. Be-
sides, it gives the exact quantum mechanical result.
2. Transmission through a Morse barrier for E > VB
As in the previous section, we present a detailed
discussion of the S-wave transmission coefficient. To
extend it to other angular momenta, one has just to
use the Morse parameter of the l-dependent barrier,
changing: VB → Bl, RB → Rl and aM → al.
We start with an important remark about the Morse
approximation for the Coulomb barrier. In typical heavy
ion collisions at near-barrier energies, the following rela-
tion is satisfied:
f(µ,E) ≡ exp (−4pi α) ≡ exp
(
−4pi aM
√
2µE
~
)
 1.
This term falls exponentially with the factor
√
µE. Thus,
its largest values are for the lightest system, at the lowest
collision energy. In the present study it corresponds to
4He + 16O, at 0.5 MeV. Under these conditions one gets,
f(µ,E) = 3×10−5. For the other two systems, this term
is several orders of magnitude smaller. Therefore, it can
be safely neglected, and Eq. (12) reduces to
TM(E) =
1
1 + exp [2ΦM(E)]
. (26)
Above,
ΦM(E) = pi (β − α) , (27)
where α and β are given by Eq. (13). Comparing
Eqs. (26) and Eq. (18), one concludes that Kemble’s ap-
proximation for the Morse barrier will be exact if the
following condition is satisfied:
ΦM(E) = ΦWKB(E). (28)
Using Eqs. (15) and (27), the above condition becomes,
√
2µ
~
∫ r+
r−
dr
√
VM(r)− E = pi (β − α) , (29)
7where r± represent the solutions of the equation
VM (r±)− E = 0.
These solutions can easily be determined and one finds,
r± = RB − aM ln
[
1±√1− ε] ,
where we have introduced the notation
ε =
E
VB
.
To check the validity of Eq. (28), we evaluate the WKB
integral of Eq. (29). Using the explicit form of the Morse
potential (Eq. (11)) and changing to the new variable
r −→ t = exp
[− (r −RB)/aM]− 1√
1− ε ,
the integral takes the form
ΦWKB(E) =
√
2µVB
~
aM (1− ε)
∫ 1
−1
dt
√
1− t2
1 + t
√
1− ε .
This integral can be evaluated analytically and the result
is
ΦWKB(E) = pi (β − α) , (30)
which coincides with the expression for ΦM(E) (Eq. (27)).
However, the above proof is not valid for E > VB. The
reason is that ΦWKB was evaluated by an integration
between two real turning points (see Eq. (29)), which do
not exist in this energy region. Nevertheless, the validity
of Eq. (29) can be extended to E > VB, through an
analytical continuation of the variable r. This procedure,
which is analogous to the one adopted for a parabolic
barrier, will be followed below.
First, we introduce the new projectile-target distance
variable,
x =
r −RB
aM
,
where the Morse parameter, aM, and the barrier radius,
RB, are known quantities. Then, we perform the ana-
lytical continuation of x to the complex plane. That is,
x → z = x + i y. Using the explicit expression of the
potential in terms of x and y, one gets
V (z) = VB [2 exp (−x− iy)− exp (−2x− 2iy)]
= U(x, y) + i W (x, y),
with
U(x, y) = VB
[
2 e−x cos y
(
1− e−x cos y)+ e−2x] (31)
and
W (x, y) = 2VB e
−x sin y
[
e−x cos y − 1]. (32)
Since in the equation defining the turning points the po-
tential must be real, we set
W (x, y) = 0. (33)
The solutions of the above equation are
sin y = 0 (34)
and
ex = cos y. (35)
Eq. (34) is satisfied on the real axis and on other
horizontal lines intercepting the y-axis at y = ±npi,
where n is any integer. It can be easily checked that the
potential evaluated at any point on these lines cannot
be higher than VB. Thus, there are no turning points on
them. Therefore, these solutions must be discarded.
We are then left with the solutions of Eq. (35). They
are curves on the complex plane confined to the left half-
plane (x < 0). Similarly to Eq. (34), the periodicity of
the trigonometric function (here cos y) leads to an infi-
nite number of solutions. They are curves that can be ob-
tained from one another by shifts of 2pi along the y-axis.
Nevertheless, they lead to the same physics. Therefore
we concentrate on the one corresponding to the lowest
values of |y|. This curve, denoted by Γ, is represented on
panel (a) of Fig. (3). The turning points for E = 2VB
are represented by solid circles.
On the curve Γ, the variables x and y are not indepen-
dent. They are related by Eq. (35). Thus, the potential
becomes a function of a single variable. The coordinate
x along this curve is the single-valued function of y,
xΓ(y) = ln (cos y) . (36)
Owing to the infinite values of the potential at y =
±pi/2, the coordinate y is confined to the open interval
(−pi/2, pi/2). Then, cos y is positive, so that the solution
of Eq. (36) is well defined.
To obtain the real potential for points on Γ, U (xΓ, y),
one inserts Eq. (36) into Eq. (31). One gets,
U (xΓ, y) ≡ UΓ(y) = VB
[
1 + tan2 y
]
. (37)
Now we evaluate the WKB integral on the complex
plane,
ΦWKB(E) = aM
√
2µ
~
∫ z+
z−
dz
√
VM (zΓ)− E . (38)
We remark that the factor a results from the change of
variable r → z = (r−RB)/aM. For practical purposes, it
is convenient to evaluate the integral over the contour Γ.
8FIG. 3: (Color on line) The analytic continuation of the Morse
potential on the complex plane. Panel (a) shows the lines
where the Morse potential is real. The green solid line is
the trivial solution of Eq. (34) (the real-axis), whereas the
blue dashed line, labelled by Γ, is the solution of Eq (35).
The solid circles represent the turning points for an arbitrary
energy above the barrier. Panel (b) shows the potential for
points on Γ, where it is real, divided by VB.
On this contour, VM(x, y) reduces to the real potential of
Eq. (37), UΓ(y), and the differential dz can be written as
dz =
[
dxΓ(y)
dy
+ i
]
dy,
where dxΓ(y)/dy is a real function of y. For energies
above the barrier, UΓ(y)− E is negative so that,
dz
√
UΓ(y)− E =
(
dxΓ(y)
dy
+ i
)
× i
√
E − UΓ(y) dy
= GR(y) dy + iGI(y) dy, (39)
where GR(y) and GI(y) are the real functions,
GR(y) = −
√
E − UΓ(y), (40)
GI(y) =
xΓ(y)
dy
√
E − UΓ(y). (41)
The values of y corresponding to the integration limits of
Eq. (38) are given by the equation,
UΓ(y) = E, or 1 + tan
2 y = ε,
which has the solutions,
y± = ± tan−1
√
1− ε.
Expressing the integral of Eq. (38) in terms of the vari-
able y, one gets
ΦWKB(E) = aM
√
2µ
~
∫ y+
y−
GR(y) dy
+ i
∫ y+
y−
GI(y) dy . (42)
Inspecting Fig. 3, one concludes that GR(y) is an even
function of y, whereasGI(y) is an odd function of y. Since
the integration limits are symmetrical, the integration of
GI(y) vanishes. Then, using the explicit form of GR(y)
(Eq. (40)) with the potential of Eq. (37), one gets
ΦWKB(E) = −aM
√
2µVB
~
∫ y+
y−
dy
√
(ε− 1) − tan2 y .
(43)
To evaluate this integral, we change to the new variable,
y → t = tan y, so the above integral becomes,
ΦWKB(E) = −aM
√
2µVB
~
∫ √ε−1
−√ε−1
dt
√
(ε− 1)− t2
1 + t2
.
(44)
The above integral can be found in standard integral
tables and the result is
ΦWKB(E) = pi
aM
√
2µVB
~
(
1−√ε)
= pi
(
β − α).
Thus, we have proved that Kemble’s transmission
coefficient through a Morse barrier reproduces accurately
the exact quantum mechanical result, both below and
above the Coulomb barrier.
D. Wong’s approximation for the fusion cross
section
In 1973 Wong [4] proposed a simple expression for the
fusion cross section, in which the Coulomb barrier is ap-
proximated by a parabola, and the angular momentum
is treated as a classical variable. Wong’s formula is based
on the following assumptions:
1. The fusion probability at the lth partial- wave is ap-
proximated by the Hill-Wheeler transmission factor
P Fl (E) '
1
1 + exp [2pi (Bl − E) /~ωl] ,
with Bl and ~ωl standing for the height and the
curvature parameters of the parabolic approxima-
tion for the barrier of Vl(r).
92. The radii and the curvature parameters of the l-
dependent barriers where assumed to be indepen-
dent of l. That is Rl = Rl=0 ≡ RB and ~ωl =
~ωl=0 ≡ ~ω. With this assumptions, the barrier
height takes the simple form,
Bl = VB +
~2 l(l + 1)
2µR2B
. (45)
.
3. The angular momentum is treated as the continu-
ous variable l → λ = l + 1/2. Then, one approxi-
mates: l(l + 1) ' λ2 and ∑l(2l + 1)→ 2 ∫ dλ λ.
With these simplifying assumptions, Eq. (5) becomes
σF(E) =
1
E
pi~2
µ
∫ ∞
0
dλ λ T (λ,E),
where
T (λ,E) =
1
1 + exp
[
2pi
~ωl
(
VB − E + ~2λ22µR2B
)] .
The above integral can be evaluated analytically and the
result is Wong’s cross section, which can be written as
σWF (E) = R
2
B
~ω
2E
F0(x). (46)
Above, x is the modified energy variable
x =
E − VB
~ω
, (47)
and F0(x) is the dimensionless and system independent
function
F0(x) = ln [1 + exp (2pi x)] . (48)
This function is known in the literature as the universal
fusion function. It is frequently used as a benchmark in
comparative studies of fusion reactions [6, 17, 18].
1. Energy-dependence of the barrier parameters
Rowley and Hagino [19] pointed out that the barrier ra-
dius of Vl(r) may decrease appreciably with l, mainly for
light heavy-ion systems. In this case, the radius for the
grazing angular momentum may be a few fermi smaller
that that for l = 0. Then, the approximation Rl ' RB is
poor, and this makes Wong’s formula inaccurate. The sit-
uation gets worse as the energy increases, so that lE takes
large values. To cope with this situation, Rowley and
Hagino proposed an improved version of the Wong for-
mula, where the S-wave barrier parameters are replaced
by the parameters associated with the grazing angular
momentum.
The grazing angular momentum at the energy E,
which we denote by λE, and the corresponding barrier
radius, RE, are given by the coupled equations:
VλE(r) = VN(RE) + VC(RE) +
~2 λ2E
2µR2E
= E, (49)
and [
dVλE(r)
dr
]
RE
= 0. (50)
Solving these equations, one determines lE and RE, and
the barrier curvature parameter is given by
~ωE =
√
− ~2 V ′′λE (RE)
µ
.
The above equations supply the barrier parameters for
the grazing angular momentum, which depends on the
collision energy. Accordingly, the improved Wong for-
mula becomes,
σWF (E) = R
2
E
~ωE
2E
F0(xE), (51)
where,
F0(xE) = ln [1 + exp (2pi xE)] . (52)
and,
xE =
E − VE
~ωE
. (53)
Above, we have introduced the ‘effective Coulomb bar-
rier’ for the energy E,
VE = Bλ − ~
2 λ2E
2µR2E
= VN(RE) + VC(RE). (54)
The above expression is valid for Bλcrit ≥ E ≥ VB, where
λcrit is the critical angular momentum, corresponding
to the largest angular momentum where the total po-
tential has a pocket. For energies below VB, one sets
VE = VB, RE = RB and ωE = ω. For energies above
Bλcrit , VE is given by Eq. (54) but with Bλ replaced by
Bλcrit , and one sets RE = Rλcrit and ωE = ωλcrit .
IV. APPLICATIONS
Now we discuss the use of the approximations of the
previous sections to evaluate S-wave transmission coeffi-
cients and fusion cross sections. We perform calculations
for a very light system and two slightly heavier ones,
namely 6He + 16O, 12C + 16O and 16O + 208Pb.
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FIG. 4: (Color on line) S-wave transmission coefficients for
the 4He + 16O, 12C + 16O and 16O + 208Pb at near-barrier
energies. The figure shows the results for a parabolic barrier
(blue dot-ashed lines), for a Morse barrier (red dashed lines)
and the predictions of Kemble’s WKB approximation for the
actual barrier (green solid lines), in comparison with the quan-
tum mechanical results (stars). The results are shown in log-
arithmic (a,c,e) and linear (b,d,f) scales.
A. S-wave transmission coefficients
Fig. 4 shows S-wave transmission coefficients obtained
with the approximations discussed in the previous sec-
tions, in comparison with the exact quantum mechanical
transmission coefficients (stars). The notation for the ap-
proximations are indicated in panel (b). The results are
shown in logarithmic scales (left panels), which is appro-
priate to compare cross sections at sub-barrier energies,
and in linear scales (right panels), which gives a better
picture at energies above the barrier. In the calculations
of Kemble’s transmission coefficients above the barrier,
we used the elliptical approximation for the curves of real
potential on the complex r-plane. As shown in Ref. [9],
this approximation leads to accurate results, while it sim-
plifies considerably the calculations.
In the case of the heaviest system, 16O + 208Pb, Kem-
ble WKB (with the analytical continuation of r [9]) repro-
duces the quantum mechanical transmission coefficient
with great accuracy, above and below the Coulomb bar-
rier. The other two curves, corresponding to approxima-
tions of the Coulomb barrier by a parabola (blue dot-
dashed lines) and by a Morse function (red dashed lines)
are very close to each other. They are also close to the
exact results, except for the lowest energies in the plot,
where the two approximations overestimate slightly the
quantum mechanical results.
The situation is different for the 4He + 16O and 12C
+ 16O systems. Although Kemble’s WKB remains very
accurate, above and below the barrier, the parabolic and
the Morse approximations are very poor at sub-barrier
energies. These approximations greatly overestimate
the transmission coefficients, by more than one order of
magnitude at the lowest energies in the plots. In the
case of the lightest system, 4He + 16O, the parabolic
and the Morse approximations are also inaccurate at
energies just above the barrier. It is clear that the
results of the Morse approximation are systematically
better than those of the parabola. Nevertheless, they
are unsatisfactory, mainly at sub-barrier energies.
Fig. 5 shows the fusion cross sections obtained with
different approximations, in comparison with the exact
cross sections (stars). The green solid lines are the re-
sults of Kemble WKB, the blue dot-dashed lines cor-
respond to the Wong formula (Eqs. (46 - 48)) and the
red dashed lines correspond to the Morse approximation.
That is, they are obtained evaluating the partial-wave
sum of Eq. (5), with P Fl approximated by the transmis-
sion coefficient through the Morse barrier fitting Vl(r).
The main trends of the fusion cross sections of the
three systems are similar to the ones observed for the
transmission coefficients. First, the Kemble WKB repro-
duces the exact results of the three systems with great
accuracy, above and below the Coulomb barrier. Second,
the Morse and the Wong cross sections for the 16O +
208Pb at sub-barrier energies reproduce the exact cross
section fairly well. On the other hand, the cross sections
of the 4He + 16O and 12C + 16O systems obtained with
these approximations greatly overestimate the quantum
mechanical cross section at sub-barrier energies. This is
an immediate consequence of the abnormally large trans-
mission coefficients of the parabolic and Morse barriers
in this energy range.
On the other hand, one can observe an interesting
trend of Wong’s cross section at energies above the bar-
rier. It is systematically larger than the quantum me-
chanical one. This discrepancy increases as the system’s
mass decreases. Rowley and Hagino [19] explained that
this is a consequence of using a constant barrier radius,
independent of the angular momentum. They pointed
out that this problem could be fixed by using the barrier
parameters of the grazing angular momentum in Wong’s
formula, as described in Sec. III D 1. This is illustrated in
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FIG. 5: (Color on line) Fusion cross sections for the systems
of the previous figures. The meaning of the lines are indicated
within panel (b).
Fig. 6, where we show the cross section obtained with the
original Wong’s formula (wong 1) and the ones obtained
with Wong’s formula with energy-dependent parameters
(wong 2), as given by Eqs. (51 - 53)). For comparison,
we show also the corresponding quantum mechanical re-
sults (stars). For this illustration, we consider only the
4He + 16O system, where Wong’s approximation above
the barrier is worst. Since the two versions of the Wong
formula are identical below the Coulomb barrier, it is not
necessary to display the results in a logarithmic scale. In-
specting the figure, one concludes that the Wong formula
with energy-dependent parameters of Ref. [19] works very
well above the Coulomb barrier, even in the case of a very
light system.
V. CONCLUSIONS
We have studied the old problem of the one-
dimensional tunneling in quantum scattering and fusion.
First, we considered approximations of the barrier
shape, by parabolae (Hill-Wheeler approximation)
and by Morse functions. These approximations have
FIG. 6: (Color on line) Fusion cross sections given by the
original Wong (wong 1) formula and by the improved Wong
formula (wong 2) for the 4He + 16O system, in comparison
with the quantum mechanical results (stars).
the advantage of leading to analytical expressions for
the tunnelling probabilities. We investigated also the
analytical continuation of the radial variable in Kemble’s
version of the WKB approximation for the parabolic and
Morse barriers. We have shown that Kemble’s WKB
on the complex r-plane leads to exact transmission
coefficients through these barriers and this conclusion is
valid at energies below and above the barrier height.
Investigating the S-wave transmission coefficients for
the 4He + 16O, 12C + 16O and 16O + 208Pb systems,
we found that the Morse barrier, being a more realistic
non-symmetric function, leads systematically to better
transmission coefficients. However, the improvement is
not significative, as both approximations are poor at
sub-barrier energies, except in the case of 16O + 208Pb,
or heavier systems. On the other hand, the Kemble
WKB approximation on the complex r-plane using
the exact potential, developed in Ref. [9], gives a very
accurate description of the quantum mechanical results,
above and below the Coulomb barrier.
We performed calculations of fusion cross sections for
the above mentioned systems using the Wong, the Morse
and Kemble WKB approximations. The conclusions were
similar to the ones reached in the study of transmission
coefficients. However, we found that the Wong formula
overestimates the fusion cross section at energies above
the barrier, mainly for very light systems. This shortcom-
ing was then eliminated adopting the energy-dependent
Wong formula of Rowley and Hagino [19].
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